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Let Z(n), n ≥ 0, be a Galton-Watson branching process with generating
function f(s) := Esξ of the offspring number ξ of one particle. We assume that

Eξ = 1, f(s) := Esξ = s+ (1− s)1+α L(1− s), 0 ≤ s ≤ 1, (1)

where α ∈ (0, 1) and L(z) is a slowly varying function as z ↓ 0. Let f0(s) := s
and fn(s) = f(fn−1(s)), n = 1, 2, .... It is known that, given (1)

lim
n→∞

E
[
e−λ(1−fn(0))Z(n)|Z(n) > 0, Z(0) = 1

]
=

∫ ∞
0

e−λxdM (x) , λ > 0,

where M (x) is a proper nondegenerate distribution. Let ϕ(n), n = 1, 2, ..., be
a deterministic function such that

ϕ(n)→∞ and ϕ(n) = o(n) as n→∞ (2)

and H(n, ϕ(n)) :=
{

0 < (1− fϕ(n)(0))Z(n) ≤ 1
}
.

Theorem 1 Let conditions (1) and (2) be valid. Then, for any λ > 0
1) if m→∞ and m = θn+ o(n) for some θ ∈ [0, 1) then

lim
n→∞

E
[
e−λ(1−fm(0))Z(m)|H(n, ϕ(n))

]
=

1(
1− θ +

(
λ (1− θ)1/α + θ1/α

)α)1/α+1
;

2) if m = n− yϕ(n), where y ∈ (0,∞), then

lim
n→∞

E
[
e−λ(1−fn−m(0))Z(m)|H(n, ϕ(n))

]
=

∞∑
j=1

αΓ (j + α)

j! (1 + λ)
α+j

yM∗j(y−1/α),

where M∗j(x) is the j-th convolution of M(x) with itself.
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