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Let e = ¢(t) € {0,1}, t > 0, be a two-state continuous-time Markov chain switching with
alternating intensities A\g Ay > 0. Let (ag, a1), (70,71) be two pairs of real numbers.

A new class of piecewise deterministic processes is studied, which are defined by the
following integral equation

X(0) =+ [ (s) ~ X (9)) ds. (1)

We call the solution of this equation the Kac-Ornstein-Uhlenbeck process, since under the
standard Kac’s scaling, i.e., if 70,71, Ao, A1 = 00, ¥&/Xo,V3/A1 — 02, then the telegraph
process I'(t) = [¢ 7=(s)ds converges to the Brownian motion W = W, [3], and the process
X = X (t) converges to an Ornstein-Uhlenbeck process X satisfying the Langevin equation

() ::U+at—/0tX(s)dW8, 2)

(if additionally ag,a; — a). The trajectories of the process X = X (t) are formed by two
deterministic patterns

t
Go(t, x) = e (37 + ao/ ewsds) = po + (x — po)e ™,
0

t
¢i(t,x) = e <$ + a1/ evlsd3> =p1+ (x—pr)e ™,
0

Po = ao/Yo # p1 = a1/, t > 0, continuously switching from one to the other at random
times 7,, n > 1, 79 = 0.

If the parameters py and p; coincide, ag/vo = a1/71 =: p, then X = X(¢) reduces to the
geometric telegraph process:

X(t)=e"0 (af +p /0 t %<s)e”8>ds> = p+ (¢ = p)exp(=T(1)). (3)

The properties of such a process are well studied, see [3, 4, 7]. Note that in this case the
process X is time-homogeneous in the sense of (2.13), [6].with a rectifying diffeomorphism
®(x) = log |z — p|. In this case, the distribution of X () is determined by the distribution
of the telegraph process I'(t). In what follows, we assume py < p;.

1. Stationary distributions. Let vy, v; > 0.

Since after almost surely finite transition time the paths of X fall into (po, p1) and remain
inside this interval, the invariant measure /i is supported on [pg, p1]. Let ag = Xg/70, 1 =
>\1/’}/1, 0, 0xp > 0.

Theorem 1. The unique invariant probability measure for £ = (X(t), &(t)), t > 0,
has the form of a Beta distribution determined by the probability density functions T =

(mo(x), m(x)), po < < py,
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Here §o(x) = =L, &i(x) = 1= &o(x) = L=~ and B(ao, an) is the Euler beta-function.

In the attraction-repulsion case 7, - 71 < 0, the invariant distribution exists only if

m(z)

ap + a; < 0.

Theorem 2. If v > 0 > 1, then the invariant probability measure for the Kac-
Ornstein-Uhlenbeck process X is supported on the half-line x < py = ag/vo, and the
probability density functions my and my, are given by

(1) = 2
L W

(pl - pO)ilB<_a0 — aq, &0)71[_€0<x>]71+a0€1 (x)al]-{x<po}a

— Q17 _ — a —14+an
™ (z) = )\0;;1 (p1 = po) "' B(—ag — a1, a0) 7 [=€o ()] &1 () T L)

In the case vy < 0 < 71, the invariant measure is supported on the upper half-line x > py

and looks similarly.
2. Exponential functionals Consider the exponential functional of the form

00 T
Gya= /0 efr(t)ae(t)dt = Tlgrolo ; e’F(t)aE(t)dt, a.s. (4)
It is useful to note that the stationarity of Markov-modulated Ornstein-Uhlenbeck process
and the distribution of the corresponding exponential functional are closely related. This
problem has been studied in detail, see e.g. [1, 2]. It is interesting to note that this more
general setting can be transformed in the particular case of the Kac-Ornstein-Uhlenbeck
process driven by a pair of telegraph processes, see [5].
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