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Let {Z0 = 1, Zn, n ≥ 1} be a critical branching process generated by a

sequence {Fn(s), n ≥ 1} of independent i.i.d. random probability generating

functions, {S0 = 0, Sn = logF ′
1(1) + ...+ logF ′

n(1), n ≥ 1} be the associated

random walk, and {Bs, 0 ≤ s < ∞} is a standard Brownian motion.

Theorem 1 If E logF ′
1(1) = 0, σ2 = E(logF ′

1(1))
2 ∈ (0,∞), and

min(m,n) → ∞ in such a way that m = o(n). Then
1) if φ(n) = o(

√
m), then for any z ∈ [0,∞)

lim
n→∞

P

(
1√
m

logZn−m ≤ z|Sn ≤ φ(n), Zn > 0

)
= 1− e−z2/2;

2) if φ(n) ∼ T
√
m,T ∈ (0,∞), then for any z ∈ [0,∞)

lim
n→∞

P

(
1√
m

logZn−m ≤ z|Sn ≤ φ(n), Zn > 0

)
=

1

T 2

√
2

π

∫ z

0

wdw

∫ T

0

e−(t−w)2/2P

(
inf

0≤s≤1
Bs ≥ 0|B0 = w,B1 = t

)
dt;

3) if
√
m = o(

√
φ(n)), φ(n) = o(

√
n), then for any z ∈ (−∞,∞)

lim
n→∞

P

(
1√
m

(logZn−m − Sn) ≤ z|Sn ≤ φ(n), Zn > 0

)
= P(B1 ≤ z).
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